Koopmans's theorem is generalized for excited-state ensemble density-functional theory. Formal expressions are derived that relate orbital energy differences to exchange-only excitation energies. These expressions provide stringent requirements for approximating the universal exchange component of the exact exchangecorrelation functional for excited-state ensembles, and the expressions lead to a relation, containing a correlation potential, that gives exact excited-state ionization energies.
I. INTRODUCTION
In ensemble density-functional theory for excited states ͓1-3͔, there is an unknown exchange-correlation functional that must be approximated. For this purpose, it is necessary to invoke known properties of the exact functional. With this in mind, we here derive a relation that connects the repulsion energies of the components of the auxiliary noninteracting Kohn-Sham ensemble with an integral containing the corresponding ensemble repulsion functional derivative. This relation, Eq. ͑28͒, is one that involves the exchange component of the unknown exchange-correlation functional. Further, when this relation is combined with an earlier one ͓4͔ involving the ensemble correlation potential, v c , a new relation results, Eq. ͑29͒, that connects the exact excited-state ionization energy with expectation values involving noninteracting Kohn-Sham wave-function solutions and v c . Finally, manipulation of Eq. ͑28͒ allows the development of an exchange-only excited-state Koopmans theorem, Eq. ͑9͒, that relates, with a small correction term, an orbital energy difference, involving an unoccupied orbital from an exchangeonly ground-state calculation, to an expectation value difference involving Kohn-Sham determinants and the true physical Hamiltonian of interest.
II. THEOREM
Let n GS be the exchange-only ground-state density of the N-electron Hamiltonian
where T is the kinetic energy operator and V ee is the electron-electron repulsion energy operator. The auxiliary Kohn-Sham equations for n GS are
where
and
͑4͒
Let us consider, for simplicity of presentation, the closedshell case, for even N, where 
Next, define ⌽ ES k as an excited state of Ĥ s that is formed from ⌽ GS by exciting an electron from orbital iϭN/2 to orbital iϭk. The density corresponding to ⌽ ES k has the form
Consider the ensemble density n which is composed of a sum such that each element in the sum consists of a nonzero weight factor times an eigenstate density of Ĥ s ͓1-3͔. It is understood that included in the sum are all densities whose energies, with respect to Ĥ s , are less than or equal to the energy of n ES k . With n so defined, we shall prove the following ensemble Koopmans theorem for excited states: where ⌬v(r)ϭv(r)ϪvЈ(r), and vЈ is that external potential for which n is the optimum Kohn-Sham ensemble density for an exchange-only ensemble calculation, and where ⌽ ES k is an excited state of Ĥ s that yields n ES k . The potential v, on the other hand, is that external potential in Hamiltonian ͑1͒ for which n GS is the optimum Kohn-Sham ground-state density in the exchange-only approximation. Also in Eq. ͑9͒
where N/2 is the highest-occupied orbital in the ground-state exchange-only calculation.
III. PROOF OF THE THEOREM
In line with the definition of vЈ, we have min
where ͑r͒ is an arbitrary ensemble density given by
where (r) is the density operator. The noninteracting density matrix D is defined as
͑14͒
while the exchange-only functional F xo has the definition
where the ⌽ i in Eq. ͑14͒ yield through Eq. ͑13͒ and are simultaneously the lowest eigenfunctions of some noninteracting Hamiltonian, and the weights w i are understood to be the same as those with n. The minimization in Eq. ͑12͒ dictates that the potential vЈ can be expressed as
where V ee KS ͓͔ϭtr͕D V ee ͖.
͑17͒
In Eq. ͑16͒ it is understood, for later development, that v s and ␦V ee KS ͓͔/␦ have been made to vanish as ͉r͉→ϱ, through additive constants as necessary.
Next, let n be the optimum density for
In other words, g ␣ (r i ;͓n͔) is constructed such that the ensemble density n, with fixed weights, remains independent of ␣. 
and using Eq. ͑18͒, we obtain and the substitution of Eq. ͑23͒ into Eq. ͑20͒ leads to
where Ĥ v Ј NϪ1 is Ĥ v Ј with one electron removed. Equation
͑24͒ may be conveniently written as
where Ĥ v NϪ1 is Ĥ v with one electron removed. Next, we use the following ground-state Koopmans theorem, which was previously arrived at for finite ͓8,6͔ and infinite systems ͓9͔:
͑26͒
The combination of Eqs. ͑25͒ and ͑26͒ yields our first desired result, Eq. ͑9͒. Further, combine Eqs. ͑20͒ and ͑22͒ to obtain
Equation ͑28͒ is in the form which is especially useful for imposing a stringent constraint for approximating V ee KS ͓͔. Finally, observe that by Eq. ͑24͒ and by the fact ͓4,5͔ that ⑀ k ϭE ES k,1 ϪE GS 1,NϪ1 , it follows with ␣ϭ1 in Eq. ͑18͒ that
where Ĥ 1 NϪ1 is the Ĥ 1 in Eq. ͑18͒ with one electron removed, and where v c Ј which equals vЈϪg 1 , is the ensemble correlation potential for n. ͑This correlation potential identification for vЈϪg makes sense because g 1 is that potential for which n is a sum of eigenstate densities, obtained when correlation is included, while vЈ is that potential for which n is the optimum ensemble density for an exchange-only excited-state ensemble calculation, where by definition, correlation is excluded.͒. Equation ͑29͒ gives the exact ionization energy from the highest eigenstate of Ĥ 1 whose density is a component of n. Of special relevance, of course, is when g 1 is the atomic, molecular, or solid-state external potential of interest.
IV. CONCLUDING REMARKS
Constraints ͑9͒, ͑27͒, and ͑28͒ serve as stringent requirements for the exchange component of the exchangecorrelation functional for excited-state ensemble calculations. Further, observe that analogous constraints arise with any excited-state formulation for which Eq. ͑19͒ applies.
It was previously observed ͓4͔ that the negative of the highest-occupied Kohn-Sham orbital energy of the noninteracting auxiliary ensemble gives the exact ionization energy, including correlation, of the highest-energy eigenstate in the occupied interacting ensemble for the true physical interacting Hamiltonian of interest. In the present paper we have shown that Eq. ͑29͒ provides an alternative formula for this exact eigenstate ionization energy from an ensemble calculation.
Finally, the ensemble Koopmans theorem for excited states, Eq. ͑9͒, is of special relevance for the study of the use of unoccupied orbital energies in the approximation of excitation energies. In this connection, it is worth noting the fact that cases have recently been reported, with explanation, where these unoccupied orbital energies give surprisingly accurate excited-state ionization energies. ͑See Ref. ͓10͔, and references therein.͒
